It is well known that the orthogonal complement of the subspace of cusp forms with respect to the Petersson inner product is generated by the Eisenstein series of weight k ≥ 5/2. Moreover, in [5] it was shown that the orthogonal complement E 3/2 (4D, χ ) of the space of cusp forms of weight 3/2 with level 4D, D a square free integer, is generated by some Eisenstein series, which were explicitly constructed. Here is a positive divisor of D.
Introduction.
It is well known that the orthogonal complement of the subspace of cusp forms with respect to the Petersson inner product is generated by the Eisenstein series of weight k ≥ 5/2. Moreover, in [5] it was shown that the orthogonal complement E 3/2 (4D, χ ) of the space of cusp forms of weight 3/2 with level 4D, D a square free integer, is generated by some Eisenstein series, which were explicitly constructed. Here is a positive divisor of D.
In this paper we compute the dimension of the space spanned by the theta series of the genera of positive definite ternary forms of level 4D and find linear relations among them; first we find all distinct genera of positive definite ternary forms of level 4D, D square free, with character χ and find a maximal independent set of the space spanned by the genus theta series. Secondly, by checking the values of the genus theta series at all cusps of Γ 0 (4D) explicitly, linear relations among them are found. As a result we show that the Eisenstein space E 3/2 (4P, χ ) of prime level P is spanned by the theta series of the genera of positive definite ternary forms.
Number of genera of positive definite ternary forms.
In this section we find all genera of ternary forms of level 4D, D square free, and character χ using the local behavior of ternary forms. For more detailed results we refer to [3] .
Two integral quadratic forms are said to be semi-equivalent if they are equivalent over the p-adic integers for all primes p, and are equivalent over the real numbers (see [3] for more details). Semi-equivalent forms are said to be in the same genus of forms; equivalent forms are semi-equivalent, so we say classes of forms belong to a genus. To count the number of genera of positive definite ternary forms having level 4D and character χ we first need the following lemmas. Throughout this paper, D denotes a square free integer and is its divisor. 
Here, S p V (p) denotes the Hasse symbol defined as follows. If V is a binary quadratic space over Q, then a quadratic form f on V can be written as f (x, y) = a 1 x 2 + a 2 y 2 with a 1 , a 2 ∈ Q. The Hasse symbol S p V = (a 1 , a 2 ) at p is given by
−1 otherwise. The Hasse symbol on an n-ary quadratic space V is defined by
The following theorem gives the number of genera of positive definite ternary forms having level 4D and character χ . A more general result was stated in [3] . Here, we deal only with the case of a square free level D. 
Here, t(D) denotes the number of distinct prime factors of D.
Proof. Let f be such a ternary form. We consider the following three cases:
(1) Suppose that f is equivalent to αx 2 + yz over Z 2 . Lemma 2.2 implies that this is the only equivalence class over Z 2 . Hence the Hasse symbol of f at the prime 2 takes exactly one value among 1 or −1 and the Hasse symbol of f at an odd prime p, p | D, may be taken both 1 and −1. So, by Theorem 2.3(3), the number of genera of the above type is 2 t(D)−1 .
(2) Suppose that f is equivalent to αx 2 + βy 2 + γz 2 over Z 2 . Lemma 2.2 shows that there are two distinct equivalence classes over Z 2 . Hence there are two possible values of the Hasse symbol of f at the prime 2, that is, 1 or −1. The Hasse symbol of f at an odd prime p, p | D, can be 1 or −1. Theorem 2.3 implies that in fact the number of genera of the above type is 2 t(D) .
(3) If f is equivalent to αx 2 + 4xy over Z 2 , then by the same argument as in (2), we conclude that the number of genera of the above type is also
Therefore, by summing all three cases we get the result.
Theta series of genera of ternary forms.
In this section we study theta series of genera of positive definite integral ternary forms and find their values at each cusp.
Let f (x 1 , x 2 , x 3 ) be a positive definite quadratic form with integral coefficients, and
where the f i run over a complete set of representatives of the equivalence classes in the genus of f . θ(gen f, z) is called a theta series of genera of ternary forms or a genus theta series of ternary forms.
Then from the results in [6] and [7] we have the following theorem:
Theorem 3.1. Let f be a positive definite integral ternary form with level N, N ≡ 0 (mod 4), and χ = . Then:
By evaluating 2 t(D)+1 theta series of genera of ternary forms at all cusps, we find a maximal independent set of the space spanned by those. Moreover, linear relations among those genus theta series are listed; first note that the value of θ(gen f, z) at each cusp is the same as that of θ f (z). So we only need to compute the values of θ f (z) at each cusp. Let S(4D) be a complete set of representatives of equivalence classes of cusps of Γ 0 (4D). In fact, we can choose S(4D) = {1/t | t | 4D}, and so
The following theorem concerns the values of θ f (z) at each cusp:
The value of θ f at each cusp a/c ∈ S(4D), a/c = ∞, can be computed as , c) , , c) is the Gauss sum defined by
The next proposition gives the values of Gaussian sums:
(2) For each odd prime p, there exists an invertible matrix S over the ring Z p of p-adic integers such that
where
There exists an invertible matrix S over the ring Z 2 of 2-adic integers such that
where 
Here,
Proof. Use Example 4.2 in [1] and Proposition 3.3. We omit the detailed proof.
In general we have the following: 
Then the value of the theta series of f i at each cusp is the following:
(1) We have
Proof. Use Propositions 3.3 and 3.4. We omit the detailed proof.
Remark 3.6. Fix a cusp 1/c and let f i run through all genera of level 4D with a fixed character. According to Proposition 3.5 we note that:
) is the only factor depending on f i . Here 2 * denotes the power of 2 in V (θ f i , 1/4c) and δ is defined in Proposition 3.5.
Main theorem.
In this section we state our main result. First we need the following lemma. 
Proof. Note that by Theorem 2.4 there are 2 t(D)+1 genera of positive definite ternary forms having level 4D and character χ , and the number of nonzero
where f i , g i , and h i run over all genera with level 4D, character χ and
and
Our aim is to show that there are 3 · 2 t(D)−1 linearly independent rows in H. We write the matrix H in the following form: 
form:
Here 
After dividing by the common factors of (det Proof. Note that dim(E 3/2 (4D, χ )) = 2 t(D)+1 − 1 (see [5] ). Since by 
Examples and theta identities
Example 5.1. Consider ternary forms with level 4D = 12. In this case there are 4 different classes which belong to 4 different genera. More precisely, the table in [3] gives the following: (1) Forms of level 12 and character [3] .
(1) Reduced ternary forms of level 28 and character χ = id are:
(a) f 1 = x 2 + 2y 2 + 7z 2 + xy, equivalent to f = α 1 x 2 + yz over Z 2 , (b) g 1 = x 2 + 7y 2 + 7z 2 , 2x 2 + 4y 2 + 7z 2 − 2xy, equivalent to g δ 0 = α 2 x 2 + 2yz over Z 2 , (c) g 2 = 3x 2 + 5y 2 + 5z 2 − 4yz − 2xz − 2xy, equivalent to g δ 1 = α 3 x 2 + 2(y 2 + z 2 + yz) over Z 2 , (d) h 1 = 4x 2 + 7y 2 + 8z 2 − 4xz, equivalent to h = α 4 x 2 + 4yz over Z 2 . (2) Reduced ternary forms of level 28 and character χ 7 are:
(a) f 1 = x 2 + y 2 + 2z 2 − xz, equivalent to f = α 1 x 2 + yz over Z 2 , (b) g 1 = x 2 +y 2 +7z 2 , x 2 +2y 2 +4z 2 −2yz, equivalent to g δ 0 = α 2 x 2 +2yz over Z 2 , (c) g 2 = 2x 2 + 2y 2 + 3z 2 + 2yz + 2xz + 2xy, equivalent to g δ 1 = α 3 x 2 + 2(y 2 + z 2 + yz) over Z 2 , (d) h 1 = x 2 + 4y 2 + 8z 2 − 4yz, equivalent to h = α 4 x 2 + 4yz over Z 2 . 
